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()jln—xdx_ (Inx)’ +C.

(b) Ixe“dx.

Let u=x,du =dx; let dv=e**dx,v= %e“ .

J.xe“dx =lxe2X —lje“dx =lxe2X —le2X +C.
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Alternatively,

Let X = tan @, dx = sec” 6d 6.

WhenX=1,6’=%; WhenX=\/§,0=§
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(@) i’ =i%i=i, sincei* =1.
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(e) (i) V=1 = 3[cis(z + 2kx) = cis =+ 52"” K=0,41,42.
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X+1=x> —2x+1.

Q3 —X2 +3x=0.
(a) 5. x=0,3.

Y% =27rJ'3x(y2 —yl)dx=27rj'3x (x+1=(x=1)" )dx

y
—2ﬂj —x* +3x dx 27rj —x* +3x’ )dx
P x T 27
27| 2 x| =2 units®.
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(a)
2x 2
___________ _ :o
; y=9 ()
b2
| — Y=y
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'O 4 X m1 :—ﬁ,"_ N = a yO
a’y, b*x,
The equation of the normal is
| Y-V, = 2y0 (X—X,)-
A b
(ii) Lety—O,
a’y,
1 Yo = (X=Xp)-
0 b2X0 0

(b) 2x+2(y+xy')+6yy'=0. =€X%
X+ Y+ Y (x+3y)=0. ~ N(€%%,,0).
. X4y a
izl (iii) L= = EPM _e M _a-ex,
Horizontal tangent, .. y'=0,.. y =—X. PS" ePM’ | . 2@ a+ex

e

NS ae—e’x, a-—ex,
NS’ e’x,+ae ex,+a

Sub. to the original equation,
x> —2x* +3x* =18.

2% =18. s NS
X =9. "PS’ NS

=4 : '
X=£3. (iv) In APNS,—Sne__ _ NS,
.. The points are (3,-3),(-3,3). sin /PNS" PS
(c) P'(X)=3% +2ax+b. I APNS,—SnF NS
P(1)=0,-1+a+b+5=0,.a+b+6=0. sin ZPNS ~ PS

P(1)=0,-3+2a+b=0. But ZPNS =7 — ZPNS’, ... sin ZPNS =sin ZPNS’,
PS NS NS NS’

Solving simultaneous equations gives a =3,b =-9. and since —=——,". —=——.
5 PS" NS PS PS
(d) x+1=(x-1)".

s.sing =sin f.

Sa=p, since a+ <.
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(b)

(i) Resolving the forces on P,

vertically, T cosa + Nsina =mg, Q)
horizontally, T sina — Ncosa =mreo’.  (2)

(i1) ()xcosa +(2) xsina gives
T (cos2 a +sin’ a) = m(g cosa + ro’ sina).
o T= m(g cosa +ro’ sina).
(D) xsina —(2) xcosa gives
N (sin2 a +cos’ a) = m(g sina —ro’ cosa).
S N= m(g sina —re’ cosa).
(iii) When T = N,
gcosa+rw sina =gsina —ro’ cosa
ro’(sina +cosa) = g(sina — cos ).
o = g(sina —cosa)
r(sina +cosa)

_g(tana—l

j, by dividing both top and bottom
r\tana +1

by cosa.

iv) @ >0, tanar—1>0," tana > 1, =L <a <.
4 2

Q5

(a)

(i) £ADB =90° (semi-circle angle)

ZABD =90° - ZBAD (angle sum in AADB)
ZAKY =90° - ZBAD (angle sum in AAKY)).

- ZAKY = Z/ABD.

Alternatively, prove ADXK ||| AXYB.

(i1)) ZAKX = ZABD (from above).

ZABD = ZACD (angles subtending the same arc are
equal).

S ZAKX = ZACD.

..CKDX is cyclic (angles subtending the same chord are
equal).

(iii) ZACK = 180° — ZXDK (opposite angles in a cyclic
quad are supplementary).

But ZXDK =90°, .. ZACK = 90°.

And ZACB = 90° (semi-circle angle).

..B, C and K are collinear.

Alternatively, since /D = 90°, KX is the diameter,

S ZKCX =90°.

(b)

: n n— x? 1
(i) Let u=x>",du=2nx>"" and dv = xe ,v=5e

XZ

2

e
ZE—ner.

1
1 2 1 132
I, {—xz”ex } —njo x*"'e* dx
0

Terry Lee
.. €
() 1, =—=-2I,.
e
L =—-1

(©)

Lo €+

() f'(x)= 5 1.
) _ex_e—x
f"(x)= 3

Forallx>0,e* >e™,.. f"(x)>0.
(ii) Since f"(x) >0, f'(X) is increasing.
When x =0, f'(O)z%—le.

- F(x)> 0 for all x> 0.

(iii) Similarly, since f'(X)> 0, f(x) is increasing.

1-1
f(0)=——-0=0.
(0) 5

- f(X)>0 forall x> 0.

e ¢ —Xx>0 forall x>0.

X —X

> X forall x> 0.

Q6

(a) The shaded rectangle has sides 2y and (4 — X).

.. Area =2y(4—X).
5OV =2y(4—X)0x = 2,/(4 - X)’ O, since
y=+4-X.

LV = 2j: (4— %)’ dx

P ek IV PR BT
5 5

= units”.
-5
0
(b)
(1) Let the roots be —1,« and 3.
[la =—1xaxﬂ=—l[=—9j.
a

1
==

a
(i1) Since all the coefficients are real, & is also a root.

_ 1

La=—.

a
ao =1.
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(iii) Let @ =a+ib, where a,b are real.
a=—l+a+ib+a-ib=2a-1.
Since 2 a =-q,

2a—-1=-q.

a-129

C

Ei)) PQ*=0P*-0Q’ =x>+y* —-r°.
SPQ=YX+yr -1t

(ii) PR=|x—c]
.'.\/m=|x—c|.

X +y? —r’=x>—2cx+c’

y> =r’+c* —2cx.

2 2
(iii) 2 =—2c[x—r e ]

2c

. Type y* =—4aX, where 4a = 2c,.". focal length = %

2 2 2
.. Focus r+c —E,O , which is r—,O .
2C 2 2C

r’+c® ¢ r’+2c

(iv) The directrix has equation X = +—=
2c 2 2¢c

By definition, PS = PM , where M is the foot of P on the
directrix.

2 2
. PS=PM =|x—Ir +ac
2C
ButPQ=PR=|X—C|.
2 2
.'.PS—PQ=|x—r £20 1 x—
2c
2 2 2
! *a2cC —C =—, which is independent of X.
2C 2C
Q7
(a)
., vd
i) X=—o=g-1v.
(1) ol
vadv _dx
g-—-rv
J‘ vdv _J'd
g-rv
ljmdv dx
rv'g-rv

—l[v+gln(g - rv)j =x+C.
r r

When x=0,v=0,..C = —gln g.

r2

Terry Lee
—X—%ln(g —-1v) +%ln g=x
rr r
Xz%ln[ g j—x
r g-rv) r
When x =L,
:9.82 n( 9.8 j—£:82m
0.2 9.8-0.2x30,) 0.2
_t
(ii) V:%:—Le 10(29sint —10cost) +
dt 10
t
g0 (29cost+10sint).
When v =0,
29smt1—01000st =29cost +10sint.

29sint —10cost =290cost +100sint.
300cost =—71sint.

tant =—ﬁ.

t=-1.34 or 7 —1.34=1.80.
When t =1.80,

x=e"""(29sin1.8-10cos1.8)+92

=2549+92=117.49 m.

Given that his body lengthis 2 m, 117.49 +2=119.49 m,

..the jumper's head still stays out of the water.

(b)

(i) 2" =cosn@ +isinnd .

z—"zlz 1 _ cosn@—isinnd
2" cosn@+isinnd cos’n@ +sin’ nd

=cosnd—isinné.

Alternatively, 2" = cos(—n@) + i sin(—nd)
=cosn@ —isinnd, since cos(—nd) = cosnd
and sin(—n#) = —sinné.

S 2" +27"=2cosné.
(i) (z+27")*" =(2cosO)*".

2m 2m
LHS =z*" +[ | jzz"”z' +[ 5 jzz’“z2 +

+ 2m Zm+lz—m+l+ 2’m Zmz—m + 2’m Zm—lz—m—1+
m-1 m m+1

2m
+...+( 'z

2m
= 2cos2m€+[ | JZcos(2m -2)0
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2m 2m 2m
+ 2cos(2m—-4)0 +...+ 2cos26 +
2 m-—1 m

2m
= 2{cos2m6’ +( | jcos(Zm -2)0

) (w7
+ cos(2m—-4)0+...+ cos26 |+ .
2 m-—1 m

sin2mé
2m

2m)\sin(2m —4)0 2m \sin26 |
+ —_—+...+
2 ) 2m-4 m-1) 2

0
+ 0
m
0
2m\z . . :
= EX since sine of a multiple of 7 =0.
m

z 1 (2m)\r
. 2 2m —
o |2 (cos6)"do sz{mJ—z

T 2m
= 22m+1 m .

1

iii) 2°" g 0)y’"do=2
(iii) jo (cos ) { o

Q8
(@)
(1) Lett= tang,
2
1. 6 1-t* t 1-t*+t> 1
cotd+—tan— = +—= -
2 2 2t 2 2t 2t
1
=—cot—.
2 2

(if) Let n=1, LHS=tan§,
X X
RHS:cotE—ZcotX:2cotX+tanE—ZcotX
X . L1 X 1 X
= tan—, since from (i), —cot—=cotX+—tan—,
2 2 2

X X
.cot—=2cotX+tan—.
2 2
.. True forn=1.
X 1 x 1 X
Assume tan—+—tan— +—tan—+...
2 2 25 2 2

1

X
+ o tan? = o

X
cot2—n —2cotX.

RTP: tan§+ltaniz+i2tanis+...
2 2 25 2 2

+(2mJ sin(2m —2)0

Terry Lee
1 x 1
= o cot— +—tan

- r)1(+1j_200tx
2" 2 2

X
=—cot —2cotx=RHS.

2n 2n+l

s t's true forn+ 1.
Hence, it's true foralln > 1.

1
x ——2cot X
X

.'.%cotin—Zcotx =2x
2 2 ¢
T

2
———2cotX.
X

: r~ 1 = 1 =« w1 s
(iv) tanz+5tan§+ztang+...—zle tanF
r=

n—w

51 X T
=lim Y ——tan—, where X =—
Z‘ 2Dt 2

T
cot

= hm n-1 2n+l

n—oo 2

4
=—=2 cot%, from part (iii)

- 2cot%, from part (ii)

n - . . I 1
e " <——<e ",noting that if a <b then B<—,
n a

enl< [n—_lj <e™', by raising to the power n.
n
(©)
(i) The probability that a person draws his/her own card is

p= 1 , ..the probability that he/she does not draw his/her
n

. 1
owncardis =1——.
n

Pr(A wins in the first draw) = p

Pr(A wins in the second draw,i.e. after

a round that no one draws own card)=q"p
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Pr(A wins in the third draw,i.e. after

two rounds that no one draws own card) =q>"p

Pr(A wins)=p+q"p+q>"p+...

= 1 pqn (using the limiting sum of a GP, since
the ratio =" <1)
__P
1-q"
"W =p+q'W.
(i) W, =p+q"p+g*"p+..+9"""p
_pa-q™)
1-q"
p1-q™)
w 1—q”
= 1 11—
W P g
1-q

et
n

If n is large, SLLEY 1,.. the result in (b) becomes
n

mn
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